Abstract. We prove that if G is a solvable group with cdðGÞ ¼ f1; m; p; q; mp; mqg, where p and q are distinct primes and m > 1 is an integer not divisible by p or q, then G ¼ A Â B, where cdðAÞ ¼ f1; p; qg and cdðBÞ ¼ f1; mg. This generalizes [3, Theorem A].
Introduction
Throughout this paper, G will denote a finite solvable group. The set of irreducible complex character degrees of G will be denoted by cdðGÞ; this set is defined by cdðGÞ ¼ fwð1Þ j w A IrrðGÞg;
where IrrðGÞ is the set of all irreducible complex characters of G.
The main goal of this paper is the recovery of structural information about a solvable group from the set of irreducible character degrees. In [3, Theorem A] Lewis proved that if cdðGÞ ¼ f1; p; q; r; pq; prg, where p, q, and r are distinct primes, then G ¼ A Â B where cdðAÞ ¼ f1; pg and cdðBÞ ¼ f1; q; rg, and he proposed the question of whether it is possible to relax the primeness hypothesis in that theorem.
In [1, Theorem A] we were able to relax the primeness hypothesis of q and r in cdðGÞ of [3, Theorem A] and yet still obtain a similar conclusion. In this paper, we show how we can drop the primeness hypothesis of p in cdðGÞ of [3, Theorem A] and also obtain the same conclusion. We prove that if G is a solvable group with cdðGÞ ¼ f1; m; p; q; mp; mqg, where p and q are distinct primes and m > 1 is an integer not divisible by p or q, then G ¼ A Â B, where cdðAÞ ¼ f1; p; qg and cdðBÞ ¼ f1; mg.
Main Theorem. Let p and q be distinct primes and let m be an integer not divisible by p or q. Suppose that G is a solvable group such that cdðGÞ ¼ f1; m; p; q; mp; mqg. Then G ¼ A Â B, where cdðAÞ ¼ f1; p; qg and cdðBÞ ¼ f1; mg.
Proofs
To prove the Main Theorem, we need the following lemmas. The first lemma is [1, Corollary 2.4 ] in which we found that if the character degree set of O p ðGÞ is the set f1; p; qg, where G is a finite group (possibly not solvable), the numbers p and q are distinct prime numbers, and p is a set of primes not including the primes p and q, then G splits over K and there is a complement N such that G ¼ C K ðNÞ Â N½K; N and cdðKÞ ¼ cdðC K ðNÞÞ.
Lemma 1 ([1, Corollary 2.4]).
Let p be a set of primes not including the primes p and q. Assume that G is a group so that cdðKÞ ¼ f1; p; qg J cdðGÞ, where K ¼ O p ðGÞ. Then G splits over K and there is a complement N such that G ¼ C K ðNÞ Â N½K; N and cdðKÞ ¼ cdðC K ðNÞÞ.
To state the next lemma, we need to talk briefly about Brauer characters. Brauer characters are defined relative to lifts of p 0 -roots of unity. Specifically, let Ã be an isomorphism from the complex p 0 -roots of 1 to GF ðpÞ Â , where GF ðpÞ is an algebraic closure of GF ð pÞ and GF ð pÞ Â is its multiplicative group. If C : G ! GL n ðF Þ is a representation of a finite group G over a field F of characteristic p, let d 1 ; d 2 ; . . . ; d n be the eigenvalues of CðgÞ where g is p-regular, then d i are p 0 -roots of 1 (in some extension of F ) and write e Ã i ¼ d i for 1 c i c n. If jðgÞ ¼ e 1 þ e 2 þ Á Á Á þ e n , then j (defined on p-regular elements of G) is the Brauer character a¤orded by the representation C.
If s : F ! F is the map a s ¼ a p , then s may be extended to act on matrices so that C s is also a representation of G. Continuing with the notation above, the eigenvalues of C s ðgÞ are d Notice that if F ¼ GF ð pÞ is the prime field, then the p-th power map permutes the eigenvalues of CðgÞ for any p-regular element g, and it follows that j ð pÞ ¼ j. Notice that in general, j ð pÞ is an algebraic conjugate of j. It should be noted that an algebraic conjugate of a Brauer character need not to be a Brauer character.
Lemma 2. Let V be an irreducible F ½G-module, where F ¼ GF ð pÞ is the prime field, and let c be the ( possibly reducible) Brauer character a¤orded by V . Suppose that E ¼ End F ½G ðV Þ so that E is an extension field of F . If j A IBrðGÞ is an irreducible constituent of c, then
where d ¼ jE : F j, the characters j
Proof. If g A G, let g V denote the F -linear map from V to V given by v 7 ! v:g. Notice that V may also be regarded as an E½G-module. To avoid confusion, let W denote V viewed as E½G-module. Then W is absolutely irreducible and a¤ords an irreducible Brauer character, say y. Note that the F ½G-module V and the E½G-module V n F E a¤ord the same character c. Moreover, the natural map V n F E ! W which sends v n e to eðvÞ is a surjective E½G-homomorphism. Therefore, y is an irreducible constituent of c. Since c is a¤orded by an F ½G-module, we have c ð pÞ ¼ c and hence y ð p i Þ is an irreducible constituent of c for every i.
Let Ã denote the map from complex p 0 -roots of unity to GF ðpÞ Â which is used for lifting roots of unity. Then y Ã is the modular character a¤orded by W . Since y is a¤orded by an E-representation of G, y Ã takes values in E. Let F ½y Ã be the field generated by the image of y Ã . Since Brauer characters are a¤orded by representations defined over the field generated by the image of the trace, the E½G-module W has a basis, say fw i g m i¼1 , over E such that w i :g A P F ½y Ã w j for all i. Recall that W is V viewed as E½G-module. If F ½y Ã < E, then P F ½y Ã w i is a proper F ½G-submodule of V , which is a contradiction. Thus, F ½y Ã ¼ E, and it follows that the modular characters ðy Ã Þ s are distinct for distinct s A GalðE=F Þ. We obtain that the Brauer characters y 
Finally, since j A IBrðGÞ is an irreducible constituent of c, we see that j ¼ y
which is the desired conclusion. r
In [4] Lewis found a characterization of solvable groups G whose degree graphs DðGÞ have two connected components, where the degree graph DðGÞ has vertex set rðGÞ that consists of the primes that divide the character degrees of G and there is an edge between p and q if pq divides some degree a A cdðGÞ. This graph was intro-duced in [5] . In particular, in [5] it is proved that if G is solvable then DðGÞ has at most two connected components.
In the following lemma, we use the main theorem of [4] to prove that the character degree set of a finite solvable group G with Fitting height 3 is not of the form f1; p; q; m; pmg, where p ¼ jG : Ej and q ¼ jE : F j are distinct primes with F ¼ FðGÞ and E=F ¼ FðG=F Þ, and also m > 1 is any integer not divisible by primes p and q.
Lemma 3. Let p and q be distinct primes. Suppose that G is a finite solvable group with Fitting height 3 such that jG : Ej ¼ p and jE : F j ¼ q, where F and E=F are Fitting subgroups of G and G=F , respectively. Then cdðGÞ ¼ f1; p; q; m; pmg is not possible for all integers m > 1 not divisible by p and q.
Proof. We suppose that cdðGÞ ¼ f1; p; q; m; pmg for some integer m > 1 not divisible by primes p and q and we seek a contradiction. Observe that the graph DðGÞ has two connected components fqg and pðpmÞ. It follows from the main theorem of [4] that G is one of the groups included in [4 which is a contradiction.
We deduce that G must satisfy the hypotheses of [4, Example 2.6] . By applying [4, Lemma 3.6], we obtain that one of the connected components of DðGÞ is pðjG : EjÞ ¼ fpg. This is a contradiction because we know that DðGÞ has two connected components fqg and f pg U pðmÞ. We conclude that cdðGÞ ¼ f1; p; q; m; pmg is not possible. r
In the next theorem, we suppose that G is a group with cdðGÞ ¼ f1; t a ; p; q; t a p; t a qg;
where t, p and q are distinct primes, and a > 1 is an integer. Also, assume that G has a normal Sylow t-subgroup K with cdðKÞ ¼ f1; t a g such that G=K is a Frobenius group of order pq with kernel N=K of order q, and G=K 0 is a group with Fitting height 3 whose character degree set is cdðG=K 0 Þ ¼ f1; p; qg. Then we show that 
ðmod pÞ as otherwise q 1 0 ðmod pÞ. We determine t 2 1 ðmod pÞ. Since t and p are distinct prime numbers, we see that t 2 0 ðmod pÞ. We conclude that p must be an odd prime as t 2 0; 1 ðmod pÞ. Thus, ap ¼ p uþ1 is an odd integer. On the other hand, as G=K is a Frobenius group of order pq with kernel N=K of order q and K A Syl t ðGÞ, we choose P A Syl p ðGÞ and Q A Syl q ðGÞ such that P normalizes Q and PQ is a Frobenius group with kernel Q. Observe that jPj ¼ p and jQj ¼ q. We have G ¼ KPQ ¼ ðSPQÞZ and so SPQ is a normal subgroup of G as Z=K 0 is the center of G=K 0 . Since jG : SPQj ¼ jK=Sj is a power of t, this implies that O t ðGÞ J SPQ. It follows that f1; p; qg J cdðSPQÞ. If S is abelian, then S is a normal abelian subgroup of SPQ, and so Itô 's theorem implies that every character degree of SPQ must divide jSPQ : Sj ¼ pq. This implies f1; p; qg ¼ cdðSPQÞ, and thus, f1; p; qg ¼ cdðO t ðGÞÞ. Using Lemma 1, we conclude that G ¼ A Â B, where cdðAÞ ¼ f1; p; qg and cdðBÞ ¼ f1; t a g, and so we are done. Therefore, we assume that S is not abelian, and we seek a contradiction. Since S=K 0 is an elementary abelian t-group of order t ap and S=K 0 is a minimal normal subgroup of G=K 0 , we can consider S=K 0 as an irreducible GF ðtÞ½PQ-module V .
Observe that G has no character degree divisible by pq. This implies that PQ acts on the GF ðtÞ-module V so that there are no regular orbits. Since q ¼ t ap À1
t a À1 , we choose generators x A P and y A Q so that x À1 yx ¼ y t a , and notice that t has order ap in the multiplicative group of Z q . Also, since cdðKÞ ¼ f1; t a g with a > 1, it follows from [8, Theorem 1.5] that K 0 and hence S 0 are elementary abelian t-groups. This implies that we can consider S 0 as a GF ðtÞ½PQ-module because S 0 is a normal subgroup of G. We claim that Q acts Frobeniusly on S 0 .
Proof. We define the function s :
Then s is a Q-homomorphism. To prove Q acts Frobeniusly on S 0 , it su‰ces to prove that the principal module of GF ðtÞ½PQ is not a homomorphic image of V n GF ðtÞ V . If the principal module is a homomorphic image of V n GF ðtÞ V , then HomðV n GF ðtÞ V ; GF ðtÞÞ 0 0, and hence V GV V , whereV V is the dual module of V . This implies that V n GF ðtÞ GF ðtÞ GV V n GF ðtÞ GF ðtÞ;
where GF ðtÞ is an algebraic closure of GF ðtÞ. Let j be the irreducible Brauer character a¤orded by the E½PQ-module V , where E ¼ End GF ðtÞ½PQ ðV Þ. Note that E is a field extension of GF ðtÞ and V is an absolutely irreducible E½PQ-module.
Recall that jS=K 0 j ¼ jV j ¼ t ap , that Q acts Frobeniusly on S=K 0 , and that V ¼ S=K 0 is an irreducible GF ðtÞ½PQ-module such that the Brauer character j is a¤orded by the E½PQ-module V . This implies that Q U kerðjÞ. Since t does not divide jPQj ¼ pq, it follows from [2, Theorem 15.13] that IBrðPQÞ ¼ IrrðPQÞ, and so j A IrrðPQÞ with Q U kerðjÞ. As PQ is a Frobenius group with kernel Q of order q, [2, Theorem 6.34] implies that j ¼ l PQ for some l A IrrðQÞ. We determine that jð1Þ
we obtain
On the other hand, the Q-character a¤orded byV V n GF ðtÞ GF ðtÞ is c Q . Thus, l is a constituent of c Q . It follows that l ¼ l and hence t 2i 1 1 ðmod qÞ. But t has order ap in the multiplicative group of Z q . This means ap divides 2i. As ap is odd, we have that ap divides i. But then t i 1 1 ðmod qÞ, which is a contradiction. r Claim 2. cdðG=S 0 Þ ¼ cdðGÞ, the group Q acts trivially on Z=S 0 , the group Z=S 0 is not abelian, and S 0 is a minimal normal subgroup of G. =L has a normal abelian Sylow t-subgroup T 2 =L. This implies that K=L ¼ T 2 =L Â B 2 =L, and so K=B 2 is abelian. We determine that K 0 J B 2 , and hence Q (and PQ) acts trivially on K 0 =L as PQ J A 2 . We conclude that Q acts trivially on S 0 =L as S 0 J K 0 . This is a contradiction as Q acts Frobeniusly on S 0 . Therefore, L ¼ 1 and S 0 is a minimal normal subgroup of G. r Claim 3. ½K; Q is a normal subgroup of G such that Q acts Frobeniusly on ½K; Q, and
Proof. Since Q acts coprimely on K, we see that ½K; Q is normalized by K and Q. Also, P normalizes Q and K, and hence P normalizes ½K; Q. This implies that ½K; Q is a normal subgroup of G. 7] we deduce that Q acts trivially on Z, and so S 0 , which is a contradiction. We determine that S 0 V FðZÞ ¼ 1, and hence
Recall that Q acts Frobeniusly on ½K; Q. This implies that Z 0 V ½K; Q ¼ 1 and ½K; Q J C K ðZ 0 Þ. Also, since S 0 is a minimal normal subgroup of G, we obtain that S 0 J Zð½K; QÞ as ½K; Q is a normal t-subgroup of G. It follows that ½K; Q J C K ðS 0 Þ. We deduce that ½K;
0 Þ, and hence S is abelian, which is a contradiction. We determine that S V C K ðK 0 Þ ¼ K 0 . We have that Q acts trivially on K=S as K=S is isomorphic to Z=K 0 . This implies that Q acts trivially on SC K ðK 0 Þ=S, and so Q acts trivially on C K ðK 0 Þ=K 0 . Recall that Q acts trivially on K 0 =S 0 . We conclude that Q acts trivially on C K ðK 0 Þ=S 0 .
K. Aziziheris
Finally, observe that K=Z is a chief factor of G. We deduce that either
It follows that Q acts trivially on K=S 0 as Q acts trivially on both C K ðK 0 Þ=S 0 and Z=S 0 . This is a contradiction. Therefore, ZC K ðK 0 Þ ¼ Z and C K ðK 0 Þ J Z. Recall that ½K; Q J C K ðK 0 Þ. We obtain that ½K; Q J Z and ½K; Q=S 0 J Z=S 0 . This is a contradiction as we know that Q acts trivially Z=S 0 and Q acts Frobeniusly ½K; Q=S 0 . This completes the proof in this case. r Case 2: K 0 J ZðKÞ. We proceed in a number of steps to produce a contradiction.
Step 1: Q acts Frobeniusly on ½S; Z.
Proof. Since K 0 J ZðKÞ, the function d : S ! ½S; z, where z A Z, given by dðsÞ ¼ ½s; z is a Q-homomorphism and K 0 J kerðdÞ. Hence, d : S=K 0 ! ½S; z is a Q-homomorphism. We know that Q acts Frobeniusly on K=Z, and so Q acts Frobeniusly on S=K 0 as S=K 0 is isomorphic to K=Z. This implies that Q acts Frobeniusly on ½S; Z because ½S; Z ¼ h½S; z j z A Zi. r
Step 2: S 0 V ½S; Z ¼ 1.
Proof. To prove this step, recall that S=K 0 is the irreducible GF ðtÞ½PQ-module V . Assume that W ¼ hv n v j v A V i. We need to show that V is not a composition factor of V 5V , where V 5V ¼ ðV n V Þ=W . Suppose V is a composition factor of V 5V . Then V n GF ðtÞ GF ðtÞ ¼ Y is involved in Y 5Y . Recall that E ¼ End GF ðtÞ½PQ ðV Þ, that j is the irreducible Brauer character a¤orded by E½PQ-module V with jð1Þ ¼ p, that the module V n GF ðtÞ GF ðtÞ a¤ords c ¼ j þ j ðtÞ þ Á Á Á þ j ðt aÀ1 Þ , and that l is a linear constituent of j restricted to Q such that
, and
for some i and j satisfying 0 c i < j c pa À 1. This implies q divides
and so s < t a . We claim that i < a. 
we obtain t a < t j , and so a < j. Read 
and this means p ¼ 2 and j ¼ a. But p ¼ t ¼ 2 is a contradiction. r
Step 3: is the center of G=K 0 . Take Z 0 ¼ C Z ðPQÞ. Then we obtain that Z ¼ K 0 Z 0 . We have
by using Dedekind's lemma and by Steps 1 and 2 above. r
Step 4: ½S; Z ¼ 1.
Proof. By Claim 2, we know that Q acts trivially on Z=S 0 . This implies that ½Z; Q J S 0 , and hence ½S; Z; Q J S 0 as ½S; Z; Q J ½Z; Q. On the other hand, ½S; Z; Q J ½S; Z as ½S; Z is normal in G. We deduce that ½S; Z; Q J S 0 V ½S; Z ¼ 1, where the last equality holds by Step 2 above. We conclude that ½S; Z; Q ¼ 1, and so Q acts trivially on ½S; Z. But by Step 1, we know that Q acts Frobeniusly on ½S; Z. We obtain that ½S; Z must be the trivial subgroup 1. r
Step 5: Z 0 is abelian, where Z 0 ¼ C Z ðPQÞ.
Proof. Recall that S=S
0 ¼ ½S; Q=S 0 Â K 0 =S 0 as we stated in Claim 3. By Claim 3 above, we determine that Q acts Frobeniusly on ½S; Q as ½S; Q ¼ ½K; Q. Take X ¼ ½S; Q, so S ¼ XK 0 . It follows from Step 3 that Z ¼ K 0 Z 0 , and hence
where FðKÞ is the Frattini subgroup of K. Since ½X ; Z 0 J ½S; Z ¼ 1, this implies that X and Z 0 are both normal subgroups of K. As Z 0 ¼ C Z ðPQÞ, we see that Q acts trivially on Z 0 . Also, we know that Q acts Frobeniusly on X . We deduce that X V Z 0 ¼ 1, and so K ¼ X Â Z 0 .
On the other hand, we have S ¼ XK 0 , and so 1
This implies that X is not abelian. But we know that K has only two character degrees. We conclude that Z 0 must be abelian. r
Step 6: Final contradiction.
Proof. By Step 6, we have K ¼ X Â Z 0 and Z 0 is abelian. It follows that K 0 ¼ X 0 . Also, since X =S 0 is abelian, we obtain X 0 J S 0 , and so K 0 J S 0 . This implies that Z 0 J S 0 . But by Step 2 we know that Q acts Frobeniusly on S 0 , and by Step 3 we know that Q acts trivially on Z 0 . This forces that Z 0 must be trivial and Z is abelian. This is a contradiction as we know that Z=S 0 is not abelian by Claim 2 above. r Now, we are ready to prove the main theorem.
Proof of Main Theorem. Let K be maximal in G so that K is normal in G and G=K is not abelian. By [2, Chapter 12] we know that cdðG=KÞ ¼ f1; f g for some integer f A cdðGÞ. We consider the following cases:
Since cdðGÞ is symmetric in p and q, without loss of generality, we assume that f ¼ p. From [2, Chapter 12] we know that G=K is either a p-group or a Frobenius group. If G=K is a p-group, then by [2, Corollary 11.29] we know that q A cdðKÞ. Gallagher's theorem implies that pq A cdðGÞ, which is a contradiction. Hence, G=K is a Frobenius group with kernel N=K. It follows that jG : Nj ¼ p and by [2, Theorem 12.4] we obtain that N=K is an elementary abelian q-group. As jG : Nj ¼ p and jN : Kj is a power of q, it follows from [2, Theorem 12.4 and Corollary 11.29] that cdðNÞ ¼ f1; m; q; mqg, and so cdðKÞ ¼ f1; mg.
, where p is the set of all prime divisors of m, and take R to be a p-complement for G so that G ¼ RM. Then M J K and cdðMÞ ¼ f1; mg as cdðKÞ ¼ f1; mg and K=M is a p 0 -group. This implies that cdðG=M 0 Þ ¼ f1; p; qg. By [3, Lemma 4.1], we have two possibilities: either G=M 0 has Fitting height 2 or G=M 0 has Fitting height 3. Let F =M 0 be the Fitting subgroup of G=M 0 . Then M J F as M=M 0 is an abelian normal subgroup of G=M 0 . Also, FK=K J N=K as FK=K is a normal nilpotent subgroup of G=K and G=K is a Frobenius group with kernel N=K. We obtain that F J N.
If G=M 0 has Fitting height 2, then [3, Lemma 4.1(b)] implies that jG :
We determine M J Z 1 and ½M; and so jG : F j ¼ pq. On the other hand, we have that F J N and jG : Nj ¼ p. We deduce that N=F is a normal subgroup of G=F of order q, and so N=F J E=F . Hence, N ¼ E and jN : F j ¼ q. [3, Lemma 4.1(a)] implies that
is a minimal normal subgroup of G=M 0 and Y =M 0 is the center of G=M 0 . Also, by [3, Lemma 4.1(a)] we know that jS 1 =M 0 j ¼ t a 1 p , where t is some prime and a 1 is some positive integer. We have two possibilities: either t does not divide m or t divides m.
First, assume that t does not divide m. Since M=M 0 is a p-group and jF : Y j is a power of t, we see that M J Y . Hence, we have that ½M; 
which is cyclic. This is a contradiction. We conclude that S V L ¼ S, and so S J L. It follows that S is abelian as L is abelian.
Since Since cdðF Þ ¼ f1; mg and t divides m, it follows that m ¼ t a , where a is some positive integer. Using [3, Theorem A] we can assume that a > 1. We deduce that F ¼ U Â T, where U is normal abelian t 0 -group and T A Syl t ðF Þ. This implies that
is a t-group, and so S is a t-group. Since jF : Zj ¼ t ap , it follows that U J Z, and hence ½G; U J ½G; Z J F 0 . On the other hand, ½G; U J U. We deduce that ½G; U J F 0 V U ¼ 1. We determine that U J ZðGÞ.
We claim that cdðG=UÞ ¼ cdðGÞ. Let w A IrrðGÞ be such that wð1Þ ¼ m. Then w F ¼ y Â l A IrrðF Þ, where y A IrrðTÞ is of degree m and l A IrrðUÞ is linear. Since w F is G-invariant and U is a central subgroup of G, we deduce that y A IrrðF =UÞ is G-invariant, and hence y is extendible to G=U by [2, Corollary 8.16 ]. Since cdðG=F Þ ¼ f1; pg, Gallagher's theorem implies that pm A cdðG=UÞ. We obtain that m; pm A cdðG=UÞ. Also, we know that cdðG=ZÞ ¼ f1; p; qg J cdðG=UÞ as U J Z. Thus, f1; p; q; m; mpg J cdðG=UÞ.
On the other hand, recall that N=Z is a Frobenius group with kernel F =Z, that U J Z, and that N=F is the Fitting subgroup of G=F . We obtain that G=U has Fitting height 3 and F =U is the Fitting subgroup of G=U. Since jG : Nj ¼ p and jN : F j ¼ q, it follows from Lemma 3 that f1; p; q; m; mpg is a proper subset of cdðG=UÞ. We conclude that cdðG=UÞ ¼ cdðGÞ as claimed. If U > 1, then by induction on the order of G, we have that G=U ¼ A 1 =U Â B 1 =U for some subgroups A 1 and B 1 with cdðA 1 =UÞ ¼ f1; p; qg and cdðB 1 =UÞ ¼ f1; mg. We choose P=U A Syl p ðG=UÞ and Q=U A Syl q ðG=UÞ such that PQ=U is a Frobenius group with kernel Q=U. Then PQ=U J A 1 =U, and hence B 1 =U J F =U. It follows that B 1 is nilpotent and B 1 ¼ U Â T 1 , where T 1 is a Sylow t-subgroup of B 1 . We deduce that G ¼ A 1 Â T 1 as T 1 is characteristic in B 1 and
Since cdðT 1 Þ ¼ cdðB 1 =UÞ ¼ f1; mg, this implies cdðA 1 Þ ¼ f1; p; qg, and so we are done.
Therefore, we assume that U ¼ 1, and so F is a normal Sylow t-subgroup of G. By applying Theorem 4 we get the desired conclusion.
First, suppose that G=K is an s-group for some prime s. This implies that we can assume p A cdðHÞ. Since m A cdðH=H V DÞ ¼ cdðG=DÞ and H=H V D is isomorphic to G=D, we deduce that p A cdðH V DÞ as ðp; jH=H V DjÞ ¼ 1. It follows from Gallagher's theorem that pm A cdðHÞ. We conclude that cdðHÞ ¼ f1; m; p; q; mp; mqg. By using induction on the order of G, we obtain that H ¼ A 2 Â B 2 , where cdðA 2 Þ ¼ f1; mg and cdðB 2 Þ ¼ f1; p; qg. This implies that cdðH=A 2 Þ ¼ f1; p; qg.
We Then G=J is a nonabelian fp; qg-group. Using the fact that cdðGÞ ¼ f1; m; p; q; mp; mqg, we determine that cdðG=JÞ J f1; p; qg. Let I =J be maximal in G=J so that I is normal in G and G=I is not abelian. By [2, Chapter 12], we know that cdðG=JÞ ¼ f1; dg, where d A f p; qg. By applying Case 1, we get the desired conclusion. Now, we suppose that G=K is a Frobenius group with kernel V =K. By [2, Chapter 12] we know that m ¼ jG : V j and that V =K is an elementary abelian l-group for some prime l not dividing m. Recall that p is the set of all prime divisors of m. Observe that p and q both lie in cdðV Þ and that O p ðGÞ J V . Consider a character degree v A cdðV Þ. By [2, Theorem 12.4] we know that either mv A cdðGÞ or l divides v. When mv A cdðGÞ, then mv A fm; mp; mqg and v A f1; p; qg. If l B f p; qg, then l divides no character degree of G, and hence it divides no character degree of V . Therefore, we determine that cdðV Þ ¼ f1; p; qg, and so cdðO p ðGÞÞ ¼ f1; p; qg. Lemma 1 yields the desired conclusion.
Hence, we may assume that l A fp; qg. Since cdðGÞ is symmetric in p and q, we assume that l ¼ p, and so l 0 q. Consider character degrees w A cdðV Þ and g A cd V ðGjwÞ so that p divides w, where cd V ðGjwÞ is the union of all the sets cdðGjyÞ over all y A IrrðV Þ, where yð1Þ ¼ w. It follows that p divides g, and g A f p; pmg. Hence, we see that w is either p or pm, and we have shown that f1; p; qg J cdðV Þ J f1; q; pm; pg. If cdðV Þ ¼ f1; p; qg, we are done. Therefore, we assume that cdðV Þ ¼ f1; q; pm; pg. Since m is not divisible by distinct primes p and q, we apply [1, Lemma 3.5] to obtain cdðO p ðGÞÞ ¼ f1; p; qg. By using Lemma 1, we get the desired conclusion.
Without loss of generality, we assume that f ¼ mp. Since f ¼ mp is not a prime power, it follows that G=K is Frobenius group with kernel D=K whose index is mp. Recall that the set of all prime divisors p of m does not include the primes p and q. By [1, Lemma 3.6] we determine that cdðO p ðGÞÞ ¼ f1; p; qg. Using Lemma 1, we get the desired conclusion. r Theorem 3. Also, we would like to thank Professors Mark L. Lewis and Donald White for helpful discussions and comments in writing this paper.
